JUMP LOCI IN THE EQUIVARIANT SPECTRAL SEQUENCE 

STEFAN PAPADIMA AND ALEXANDER I. SUCIU^ 



Abstract. We study the homology jump loci of a chain complex over an afiine k- 
algebra. When the chain complex is the first page of the equivariant spectral sequence 
associated to a regular abelian cover of a finite-type CW-complex, we relate those jump 
loci to the resonance varieties associated to the cohomology ring of the space. As an 
application, we show that vanishing resonance implies a certain finiteness property for 
the completed Alexander invariants of the space. We also show that, generically, a 
connected, finite-dimensional commutative graded algebra has vanishing resonance. 
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1. Introduction 

1.1. Overview. The study of the homology groups of abelian covers goes back to the 
1920s, when J.W. Alexander introduced his eponymous knot polynomial. Given a knot 
in S^, let X^^ X he the universal abelian cover of its complement. The Alexander 
polynomial of the knot, then, is the order of Hi{X''^^,Z), a finitely generated, torsion 
module over the group-ring Z[Hi{X,Z)] = Z[t^^]. 

More generally, consider a connected, finite-type CW-complex X, with fundamental 
group vr = 7ri(X, xo). The homology groups of X^^, with coefficients in C, are finitely 
generated modules over the Noetherian ring C[7rab]- As shown by Dwyer and Pried in 



Date: February 15, 2013. 

2000 Mathematics Subject Classification. Primary 55N25. Secondary 14M12, 20J05, 55T99. 
Key words and phrases. Afiine algebra, maximal spectrum, homology jump loci, support varieties, 
equivariant spectral sequence, resonance variety, characteristic variety, Alexander invariants, completion. 
^Partially supported by NSF grant DMS-1010298. 

1 



2 



STEFAN PAPADIMA AND ALEXANDER I. SUCIU 



[4], the support loci of the Alexander invariants Hi{X^^ ,C) completely determine the 
(rational) homological finiteness properties of its regular, free abelian covers. This result 
was recast in [s] in terms of the characteristic varieties of X, defined as the jump loci for 
homology with coefficients in rank 1 local systems on our space. For a detailed treatment 
of these topics, and further developments, we refer to [11, 12]. 

We revisit here this theory from a more general point of view. The key new ingredient 
in our approach is the equivariant spectral sequence from [7]. Using techniques from 
commutative algebra, we establish a tight connection between the homology jump loci of 
the first page of this spectral sequence, on one hand, and the resonance varieties associated 
to the cohomology ring of the space, on the other hand. In turn, this connection allows 
us to prove an infinitesimal analogue of the Dwyer-Pried finiteness test for the completed 
homology groups of abelian Galois covers. 

1.2. The equivariant spectral sequence. Let z^: vr ^ G be an epimorphism from the 
fundamental group of X to a (finitely generated) abelian group G, and let X'^ — )■ X 
be the corresponding regular cover. The homology groups of X"^ with coefficients in an 
algebraically closed field k are modules over the group-ring kG. 

Let J be the augmentation ideal of kG. The associated graded ring, S = grj(kG), 
then, is a finitely generated k-algebra. As shown in [7], there is a spectral sequence that 
converges to the J-adic completion of H^{X'^ ,k). The first page of this spectral sequence 
is a chain complex E, with terms the finitely generated 5"- modules Ei = S (Sik Hi{X,k) 
and differentials that can be written in terms of the co- multiplication in H^, (X, k) and 
the induced homomorphism : ifi(7r,k) i/i(G,k). 

The homology jump loci of E are the subsets V^{E) of the maximal spectrum Spec(«S') 
consisting of those maximal ideals m for which the k- vector space Hi{E ®s S/m) has 
dimension at least d. To understand these sets in a more geometric fashion, consider the 
projection (p: G ^ G onto the maximal free-abelian quotient of G. Then, as we show in 
Lemma 5.1, the set Spec(5) may be identified with i?i(G,k). Thus, we may view the 
sets V^(-E') as subvarieties of the k- vector space i?^(G,k). 

The above definition of homology jump loci works for arbitrary chain complexes E 
over a finitely generated k-algebra 5. In the case when E is the cellular chain complex of 
the universal abelian cover X^^, with coefficients in k, and S = k[7rab], the corresponding 
jump loci (also known as the characteristic varieties of X) are Zariski closed subsets of 
the character group Hom(7rab,k^). These sets, which were introduced by Green and 
Lazarsfeld in [6], are extremely useful in a variety of settings, see for instance [3, 8, 1, 11, 
12]. 

1.3. Resonance varieties. To state our main result, we need to recall one more concept. 
Using the cohomology algebra A = H*{X,h) as input, we define the resonance varieties 
of X as the sets 7^^(X, k) consisting of those square-zero elements a € for which the 
k- vector space -ff' (j4,a) has dimension at least d, where {A, a) is the cochain complex 
with terms A^ and differentials given by left-multiplication by a. As we show in Corollary 
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4.2, it is enough to assume that X has finite /c-skeleton, in order to conclude that the sets 
7?.^(X, k) are Zariski closed, for al\ i <k and d > 0. 

Furthermore, as we show in Theorem 3.3, the resonance varieties of commutative 
graded algebras generically vanish. More precisely, if i? is a connected, finite-dimensional, 
graded k-vector space, and Pb is the parameter space for all commutative graded algebras 
whose underlying graded vector space is then the subset of those cgas whose resonance 
varieties are trivial is a Zariski open subset of Pb- 

1.4. Resonance and the completed Alexander invariants. We are now ready to 
state our main result, which relates the resonance varieties of a space to the finiteness 
properties of the completed homology groups of its abelian Galois covers. (Proofs for the 
two parts of this result will be given in Theorems 5.2 and 6.2, respectively.) 

Theorem 1.1. Let X he a connected CW-complex, let v. tt ^ G be a homomorphism 
onto a finitely generated abelian group G, and let u* : H'^{G,^) ^ H^{TT,Wj be the homo- 
morphism induced in cohomology by U = (f) ov. 

(1) If X is of finite type, and E is the first page of the corresponding equivariant 
spectral sequence, then z?*(V^(£')) = im(z^*) n7^^(X, k), for all i > and d> 0. 

(2) Suppose X has finite k-skeleton for some k > 1, and, for each < i < k, the 
linear suhspace \m.{D*) intersects the resonance variety TZ\{X,W) at most at 0. 
Then, for each < i < k, the completion of Hi{X'^ ,k) with respect to the J-adic 
filtration is finite- dimensional. 

As an application, we obtain the following corollary. 

Corollary 1.2. If X has finite k-skeleton, and all the resonance varieties TZ\{X,h) with 
i < k vanish or are empty, then the completions of the Alexander invariants Hi{X''^^ ,k) 
are finite- dimensional k-vector spaces, for all i < k. 

This corollary generalizes Theorem C(2) from [I], a result proved in that paper in the 
case when k equals 1 and the coefficient field is C, using a different approach. It should 
be noted that, even in this (generic) situation, the Alexander invariants themselves may 
well be infinite-dimensional. 

2. The homology jump loci of a chain complex 

In this section we introduce the support varieties and homology jump loci of a chain 
complex over a finitely generated k-algebra, and study some of their properties. 

2.1. Maximal spectrum and supports. We start by reviewing some standard notions 
from commutative algebra, as they can be found, for instance, in [5]. 

Fix a ground field k. Let 5 be a commutative, finitely generated k-algebra (also known 
as an affine k-algebra), and let Spec(S') be the maximal spectrum of S. This set comes 
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endowed with the Zariski topology, whereby a subset F is closed if and only if there is an 
ideal a C 5 such that F equals V^(a) = {m | m 5 a}, the zero set of the ideal a. 

Now suppose k is algebraically closed. Then S/m = k, for every maximal ideal m, and 
we have a natural identification 

(1) Spec(5) = Homk_aig(5',k), 

under which a maximal ideal m C S" corresponds to the k-algebra morphism p: S" — > 
S/m = k. 

Denote by Sm the localization of the ring S at the maximal ideal m. Clearly, the above 
morphism p factors through a ring morphism Pm- ^ Sm/^S^- Given an 5- module 
M, denote by its localization at the maximal ideal m; then acquires in a natural 
way the structure of an S'm-module. Define the support of M as 

(2) supp(M) = {m G Spec(5) | M„ / 0}. 

If M is a finitely generated S-module, the support of M is a Zariski closed subset of 
Spec(5'), since 

(3) supp(M) = T/(ann(M)), 
where ann(M) C 5 is the annihilator M. 

2.2. Support loci. Let E = {E,,d) be a non-negatively graded chain complex over S; 
in other words, a sequence of S'-modules {-Ej}j>o and S-linear maps between them, 

(4) ^E,^E,., ^ ^E,^Eo -0, 

satisfying di o dj+i = 0. Evidently, the homology groups of the chain complex, Hi{E) = 
ker (ij/imdi+i, are again S'-modules. 

Definition 2.1. The support varieties of the S-chain complex E are the supports of the 
exterior powers of the homology modules H^{E): 

d 

(5) Wl{E) = snY>v{l\Hm)- 

These subsets of Spec(5') are defined for all integers i and all non-negative integers 
d] they are empty if i < and d > 0. Furthermore, for each i > 0, we have a nested 
sequence 

(6) Spec(5) = Wi{E) D W[{E) ^WliE)^-- - . 

It is readily checked that these sets depend only on the chain-homotopy equivalence class 
of the S-chain complex E. 

Now suppose £ is a chain complex of finitely generated S'-modules. Then the sets 
W^{E) are Zariski closed subsets of Spec(S), for all integers i and d > 0. Indeed, if Ei 
is a finitely generated S- module, then Hi(E) is also finitely generated, and so are all its 
exterior powers; thus, the assertion follows from formula (3). 
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2.3. Homology jump loci. Let E he a chain complex of S'-modules as in (4). Prom 
now on, we will assume that the coefficient field k is algebraically closed, to insure that 
the residue fields S/m are isomorphic to k, for all m € Spec(S'). 

Definition 2.2. The homology jump loci of the S-chain complex E are defined as 

(7) V'diE) = {me Spec(5) | dinik Hi{E ®s S/m) > d}. 

As before, these sets are defined for all integers i and all non-negative integers d; they 
are empty if i < and d > 0; and, for each i > 0, they form a nested sequence 

(8) Spec(5) = VoiE) D VliE) D V^{E) D ■ ■ ■ . 

Furthermore, the sets V^{E) depend only on the chain-homotopy equivalence class of E. 
Under some mild restrictions on the chain complex E, its homology jump loci are Zariski 
closed subsets. The next lemma makes this statement more precise. 

Lemma 2.3. Suppose E is a chain complex of free, finitely generated S-modules, and k 
is algebraically closed. Then the sets V^{E) are Zariski closed subsets o/Spec(5), for all 
integers i and d > 0. 

Proof. By definition, a maximal ideal m € Spec(5') belongs to the set V^{E) if and only 
if rank(ij+i(m) + rank(ii(m) < Ci — d, where q = ranks and dj(m) = di ®s S/m. 
Hence, V'^{E) is the zero-set of the ideal generated by all minors of size q — d + 1 of the 
block-matrix dj+i © dj. □ 

As the next example indicates, the freeness assumption from Lemma 2.3 is crucial for 
the conclusion to hold, even in the presence of the finite-generation assumption. We refer 
to [2, Example 9.5] for other, more exotic examples, where both the freeness and the 
finite-generation assumptions are violated. 

Example 2.4. Let k be an algebraically closed field, and let S = k[x]. Consider the 
chain complex of (finitely-generated) S'-modules E: S" k, where Eq = k, viewed as a 
trivial S-module, and e is the k-algebra map given by e{x) = 0. It is readily verified that 
Vl{E) = k \ {0}, which, of course, is not a Zariski closed subset of Spec(5) = k. 

2.4. Comparing the two sets of loci. We are particularly interested in the sets 
Wi{E) = suppHi{E) and Vj(^) = {m | Hi{E 05 S/m) / 0}. The next theorem (which, 
as we shall see in §4.3, generalizes a result from [(S]), establishes a comparison between 
these two types of sets. 

Theorem 2.5. Let S be a finitely generated algebra over an algebraically closed field k, 
and let E be a chain complex of free, finitely generated S-modules. Then, for all integers 
Q, 

(9) \JWliE) = \JVliE). 

i<q i<.q 
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Proof. Ifq < -1, we have \Ji<qWi{E) = \Ji<gVi{E) = 0. The case g > -1 is done by 
induction on q, starting at q = — 1. 

Let m be a maximal ideal in 5, and let p: S ^ S/m be the corresponding k-algebra 
morphism. Consider the Kiinneth spectral sequence associated to the free chain complex 
E (815 5m and the change-of-rings map Pm- Sm ^ Sm/mSm'- 

(10) = ToTf-{HtiE)m, S^/mS^) Hs+t{E ®5 S/m). 

First suppose m Ui=o^i(-^)- Then, for each t < q, we have Ht{E)m = 0, and so 
Eg J. = 0, and thus E^^ = 0. Consequently, Hi{E (S)s S/m) = 0, for all i < q, which means 

thatm0ULo"^i(-^)' 

Now suppose m € Ui'=o^i(-^)- assume m supp Ht{E), for all t < q, 

and m G supp Hg{E), for otherwise we'd be done, by the induction hypothesis. These 
assumptions mean that Ht{E)m = 0, for t < q, and Hq[E)^ 7^ 0. In particular, we have 
E1^^ = 0, for t < q, and thus £"0,9 = -^oTg- Hence, 

H,{E ®s S/m) = E^q = Elq = 

Hg{E)^^s^S„,/mSrn = Hg{E)JmH,{E)^. 

By assumption. Eg is a finitely generated S'-module; thus, Hq{E) is also finitely gen- 
erated. Hence, Hg{E)m is a non-zero, finitely generated Sm-module. By Nakayama's 
Lemma, the module Hq{E)m/mHq{E)m is also non-zero. Using (11), we conclude that 
m G Ui=o '^i(-^)i ^^^s completes the proof. □ 

Note that the freeness assumption is again crucial for this theorem to hold. For in- 
stance, if E is the chain complex from Example 2.4, then Uj<i '^li-E) = k \ {0}, whereas 

u<iwi(i?) = k. 

3. The resonance varieties of a graded algebra 

We now turn to the resonance varieties associated to a commutative graded algebra, 
and set up a parameter space where these varieties generically vanish. 

3.1. Resonance varieties. Let ^ be a commutative graded algebra over a field k, for 
short, a cga. We will assume throughout that A is connected, i.e., = k. 

Let a G A^, and assume = (this condition is redundant if char(k) ^ 2, by graded- 
commutativity of the multiplication in A). The Aomoto complex of A (with respect to 
a ^ A^) is the cochain complex of k- vector spaces, 

(12) iA,6ia)): A^ ^ A^ ^ A^ ^ ■ ■ ■ , 

with differentials given by (5* (a) (5) = ab, for b £ A^. We define the resonance varieties of 
A as 

(13) 7^j^(A) = {a£A^\a^ = and dimj, H\A, 5{a)) > d}. 
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It follows at once from the definition that TZi{A) = {0} and TZ^{A) = for d > 1, since 
A is connected. 

Lemma 3.1. Suppose A is locally finite, i.e., dimt^d* < oo, for all i > 1. Then the sets 
TZ^^{A) are Zariski closed cones inside the affine space A^ . 

Proof. Let Z = \a a A^ | = O}; clearly, Z is a Zariski closed cone in A^. By definition, 
an element a £ Z belongs to the set TZ = TV'^IA) if and only if rank(5*~^(a) + rank 5* (a) < 
bi — d, where bi = dimt A^. An argument as in Lemma 2.3 now shows that 7^ is a Zariski 
closed subset of A^. Clearly, a G 7^ if and only if Xa G TZ, for all A € k^; thus, 7^ is a 
cone in □ 

3.2. A parameter space for graded algebras. Let B = ©j>o be a graded k-vector 
space, with B^ = k and dim^ B < oo. Given these data, we define a parameter space for 
all commutative graded algebras whose underlying graded vector space is B, as follows: 

(14) PB = {Aa cga | dinik A' = dimj, B' for all i > 0}. 
It is readily seen that Pb is an affine cone in the vector space 

(15) = Homk(5^ ® B^,B'+^), 

cut out by homogeneous quadrics (corresponding to the associativity conditions for a 
cga), and linear equations (corresponding to graded-commutativity conditions for a cga). 

Example 3.2. Suppose B = k(B B^ B^. In that case, a commutative graded algebra 
A € Pb corresponds to an anti-symmetric k-linear map B^(S)B^ ^ B^. Thus, Pb is an 
affine space; in fact, Pb = Homk(5^ A B^,B^) if char(k) / 2. 

3.3. Vanishing resonance. We are now ready to state and prove the main result of this 
section. 

Theorem 3.3. Let B be a connected, finite- dimensional, graded vector space over an 
algebraically closed field k. For each i > 1, let 

(16) Uh = {AePB\n\{A)C{0}} 

be the set of commutative graded algebras whose underlying graded vector space is B and 
whose degree i resonance varieties are trivial. Then is a Zariski open subset of Pb. 

Proof. We need to show that, for each i > 1, the set 

(17) C'b = {A£Pb\ there is a £ B^ \ {0} such that H\A, 6{a)) ^ 0} 
is Zariski closed. To that end, consider the set 

(18) {{A, a) £ Pb y< B^ \a^ = and H\A, 6{a)) ^ 0}. 
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A look at the proof of Lemma 3.1 shows that this set is defined by bi-homogeneous 
equations. In particular, the same equations define a Zariski closed subset inside 
Pb X F{B^). 

Now consider the first-coordinate projection map p: Pb x f{B^) — > Pb- Since F(B^) is 
a complete variety, p is a closed map. On the other hand, p{Tg) = C^, and this completes 
the proof. □ 

Remark 3.4. In [10], we study a related question, albeit from a different point of view. 
Namely, we consider all connected, finite-dimensional cgas A over the field k = C, of 
the form A = C ® A^ ® A^ , and fix the dimensions of A^ and ker(yl^ A ^ A^). 
In this parameter space, which is now a Grassmannian manifold, we show that the set 
[A I n\{A) C {0}} is Zariski open. 

4. The characteristic and resonance varieties of a CW-complex 

In this section, we present a topological context in which the support varieties, homol- 
ogy jump loci, and resonance varieties arise, and reduce their computation to the case of 
finite CW-complexes. 

4.1. Homology with twisted coefficients. Let X be a connected CW-complex. With- 
out loss of generality, we may assume X has a single 0-cell, call it xq. Let vr = 7ri(X, xq) 
be the fundamental group of X, based at xq. 

Let p: X X he the universal cover of our CW-complex. The cell structure on X 
lifts to a cell structure on X. Fixing a lift xq G p~^{xo) identifies the fundamental group 
of X with the group of deck transformations of X, which permute the cells. Therefore, 
we may view the cellular cell complex C,(X,Z), with differential 5, as a chain complex 
of free left modules over the group ring Zvr. 

Given a right Zvr-module M, consider the chain complex C,(X, M) := M0ZnC»iX , Z), 
with differential id^ The homology groups of X with coefficients in M are then 
defined as Hi{X,M) := Hi{C,iX,M)). 

Noteworthy is the following situation. Let X^^ X he the universal abelian cover 
of X, with group of deck transformations VTab = Hi{X,'L). The cellular chain complex 
{C,{X^^ ,1?), d) is a chain complex of free modules over the commutative ring Z[7rab]- The 
homology groups ifj(X^^,Z) = Hi{X,'L['K^]^\) are Z[7rab]-niodules, called the Alexander 
invariants of X. 

4.2. Homology jump loci. Fix a field k, and let Hom(7r, ) be the group of characters 
of TT, with values in the multiplicative group of units of k. Since k^ is an abelian group, 
every character factors through the abelianization vTab, and so we may identify IIom(7r, k^ ) 
with IIom(7rab, k^). Given a homomorphism p: vr — > k^, let kp be the rank 1 local system 
on X defined by p, and let kp) be the resulting twisted homology groups. 

There are three types of (co)homology jumping loci traditionally associated to a CW- 
complex X as above. First, the characteristic varieties of X (with coefficients in k) are 
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the sets 

(19) V^(X,k) = {p£ Hom(7r,k^) | dimtH,{X,kp) > d}. 

Second, the Alexander varieties of X (with coefficients in Ik) are the supports of the 
exterior powers of the Alexander invariants of X, 

d 

(20) w^(x,k) = supp(/\/^i(x^^Ik)). 

And finahy, the resonance varieties of X (with coefficients in k) are the jumping loci 
associated to the cohomology algebra H*{X,h), 

(21) K(X,k) = {a € i?^(X,k) | = and dimtH\H*{X,k),6{a)) > d}. 

In absolute generality, there is not much structure on these sets. To remedy this 
situation, we need to impose some finiteness restrictions on X in order to be able to say 
more about its jump loci. To start with, let us assume that X has finite 1-skeleton, and k 
is algebraically closed. Then the fundamental group vr = 7ri(X, xq) is finitely generated, 
and the character group Hom(7r,k^) is an affine algebraic group, with coordinate ring 
the group algebra of the abelianization, S = k[7rab]- 

Every character p: VTab ^ extends k-linearly to a ring morphism, p: k[7rab] k, 
and thus gives rise to a maximal ideal m = ker(p) of S. Conversely, since k is algebraically 
closed, each maximal ideal m G S determines a character p: vTab k^. Thus, 

(22) Spec(k[7rab]) = Hom(7rab, k"" ) = Hom(7r,k''). 

Let C, = (C, [X'^^ , k) , 5) be the equivariant chain complex of the universal abelian 
cover, with coefficients in k. It is clear from the definitions that V^(X, k) = V^(C,) and 
WKX,k)=>VKC.). 

Now suppose that X has finite fe-skeleton, for some k > 1. Then, for each i < k 
and d > 0, the sets W^(X, k) and V^(X, k) are Zariski closed subsets of the character 
group Hom(7r,k^), either by definition, for the former, or by Lemma 2.3, for the latter. 
Likewise, the sets 7^^(X, k) are Zariski closed subsets of the affine space H^{X,k), by 
Lemma 3.1. In fact, as we shall see next, these statements also hold for i = k. 

4.3. Reducing to the finite-dimensional case. For the purpose of computing reso- 
nance varieties or homology with certain twisted coefficients, in the finiteness range of X, 
the following proposition allows us to replace X by a finite CW-complex. 

Proposition 4.1. Let X be a connected CW-complex with finite k-skeleton, for some 
k > 1. There exists then a finite CW-complex Y of dimension at most k -\- 1, with 
yik) = and a map f : Y ^ X such that the following hold. 

(1) The induced homomorphism, f^: Hi(Y,Z) — > H\{X,'L), is an isomorphism. 

(2) For every commutative ring R, and for every homomorphism p: Hi{X,'Ii) —> 

, the induced homomorphism, : Hi{Y, Rpof^) — )• Hi{X,Rp), is an R-module 
isomorphism, for all i < k. 
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(3) The isomorphism /* : Hom(ifi(X, Z), k^) ^ Hom(i?i(y, Z), ) restricts to iso- 
morphisms >V^(X, k) W^(y, k), for all i < k. 

(4) The isomorphism /* : Hom(//i(X, Z), k^ ) Roin{Hi{Y,Z),k^) restricts to iso- 
morphisms V^(X, k) V^(y, k), for all i < k. 

(5) The isomorphism f* : H^{X, k) H^{y, k) restricts to isomorphisms TZ^^{X, k) — >■ 
7^j;(y,k), for all i < k. 

Proof. The cellular chain complex {Ci{X'^^),df^)i>o is a chain complex of free modules 
over the (commutative) Noetherian ring S = Z[7rab]- Since Ck{X^^) is finitely generated 
as an S'-module, the S'-submodule Bk{X'^^) = im{d^^^) is also finitely generated, let's 
say, by the images of the {k + l)-cells ei, . . . , e^. Set 



Z := X^'') U ei U • • • U e^. 

Clearly, Z is a finite subcomplex of X^^'^^^; let g: Z — > 
Consider the cup- product map, U^+^ : H'^{X,k) H''{X,k) 
k-duals, we obtain the comultiplication map, V^^^ : Hkj^i{X, 

The dual of im(Ux) may be identified with im(Vx)- Proceeding in the same fashion 
with the space Z, and comparing the resulting maps via the induced homomorphism 
g-f-. H^{Z,k) k), we obtain the following commuting diagram: 



X be the inclusion map. 
ijfc+i(X,k). Passing to 
^ Hi{X,k)®Hk{X,k). 



(23) 



^^fc+i(^J 

9* 

Hk+i{X,\ 
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Hi{Z,k) Hk{Z,\ 

9*^9* 



im( )C Hi (X, k) ® Hk (X, k) . 



In general, the vertical arrow in the center of the above diagram is not surjective. 
So pick a (finite) k-basis, xi,...,^^ for im(V^;^), lift those homology classes back to 
yi = [zi\,...,ys = [zs\ G -fffc+i(X, k), and represent the cycles zi,...,Zs as k-linear 
combinations of finitely many (A; + l)-cells of X, say, e^+i, . . . , ej. Then, the CW-complex 

Y := Z\J Cr+i U • • • U et 

is again a finite subcomplex of X^^'^'^^; let /: y — > X be the inclusion map. Redrawing 
diagram (23) with Z replaced by Y , g^ by etc, we see that the middle arrow is now 
surjective. Hence, the dual map, /* : im(U^^^) — ?> im(Uy'^^), is injective. 

Clearly, /* : Hi{Y,7,) Hi{X,Z) is an isomorphism, thus proving part (1), and show- 
ing that the maps /* in parts (3)-(5) are also isomorphisms. 
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By construction, the map : Hi{Y, R) Hi{X, R) from part (2) is an iZ-isomorphism, 
for all i < k, since p corresponds to a change-of-rings map, S ^ R. Furthermore, parts 
(3) and (4) are now a direct consequence of part (2). 

Also by construction, the map /* : H^(X,k) H^{Y,k) restricts to isomorphisms 
7^j;(X, k) ^ 7^j^(y, k), for alH < A; and all d > 0. This finishes the proof of part (5). □ 

The following corollary is now immediate. 

Corollary 4.2. Let X be a connected CW-complex with finite k-skeleton, for some k > 1. 
Then, for each i < k and d > 0, the sets yV^{X, k) and V^(X, k) are subvarieties of the 
character group Hom(7r,k^), while the sets 7^J^(X, k) are subvarieties of the affine space 
H^{X, k). 

Using Theorem 2.5 and Proposition 4.1, we obtain the following result, which recovers 
Corollary 3.7 from [S]. 

Corollary 4.3. Let X be a connected CW-complex with finite k-skeleton, for some k > 1. 
Then, for all integers q < k, 

(24) |J^^(^'^) = U^^(^'^)- 

i<q i<q 

5. The equivariant spectral sequence 

We now relate the homology jump loci associated to the first page of the equivariant 
spectral sequence of a space to the resonance varieties of its cohomology algebra. 

5.1. The spectrum of the associated graded ring of a group ring. Let G be a 

finitely generated abelian group, and let kG be the group-ring over an algebraically closed 
field k. The powers of the augmentation ideal, J = ker(kG A- k), define a descending 
filtration on kG. The associated graded ring, S = grj(kG), is an affine k-algebra, whose 
maximal spectrum we denote by Spec(S'). 

Let G = G/tors(G) be the maximal torsion- free quotient of G, and let J be the 
augmentation ideal of kG. The associated graded ring, S = grj(kG), may be identified 
with the polynomial ring k[xi, . . . ,Xr], where r = rank(G). Consequently, Spec(S) may 
be identified with the affine space H^{G,k) = k*". 

The natural projection (p: G ^ G extends to a ring epimorphism (f>: S ^ S. In 
general, this morphism is not injective. For instance, if chark = p and G = TLjp^TL, then 
kG = k[t]/(tP' - 1) = k[t]/(t - \Y\ and thus S = k[x]/{xP"), whereas S = k. Passing to 
maximal spectra, though, fixes this fat point issue. 

Lemma 5.1. Suppose k is algebraically closed. Then, the morphism S ^ S induces an 
isomorphism Spec(S) — )> Spec(S'). 
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Proof. First suppose that G = Gi x G2, and that the morphisms Si Si induce isomor- 
phisms Spec(Sj) — )■ Spec(5i), for i = I, 2. We claim that Spec(5) Spec(S') is then an 
isomorphism. 

To prove this claim, recall that the group-ring of a direct product of groups is canon- 
ically isomorphic to the tensor product of the group-rings of the factors. Thus, we have 
an isomorphism of k-algebras, a: kGi <8>]k kG2 — > tG. Now let J C tG and Jj C kGj be 
the respective augmentation ideals. A standard inductive argument shows that 

(25) al^Y.'^i®^^) =J\ 

s+t 

for all n > 0. Hence, the map a induces an isomorphism of graded k-algebras, gr(a) : Si^k 
52 S. Applying the same argument to the decomposition G = Gi x G2, we obtain 
an isomorphism gr(a) : Si S2 — > S which fits into the commuting diagram on the left 
side of (26), 

(26) 5i Ok ^2 5 Spec(5i) x Spec(S2) Spec(5) 

Si Ok S2 ^^^"^ > S Spec(5i) X Spec(S'2) — Spec(5) 

Applying the functor Spec(— ) = Homk_aig(— , k) to this diagram, we obtain the com- 
muting diagram on the right side of (26). Now, the left-hand arrow in this diagram is an 
isomorphism, by our hypothesis. Thus, the right-hand arrow is also an isomorphism, and 
our claim is proved. 

Returning now to the proof of the lemma, it is enough to consider the case when G 
is an elementary cyclic group. If G = Z, the lemma is tautologically true, so we may 
assume that G = Z/p*Z, for some prime p and integer s > 1. In this case, (5 = 0, and so 
5 = k and Spec 5 = {idk}. \i p ^ char(k), then gr;^(kG) = "Ljp^^ O k vanishes, and thus 
5 = k. If p = char(k), then S = k[x]/{xP ), and thus Spec(5) = {e} where e: S ^ k is 
given by e(x) = 0. In either case, the desired conclusion holds, and we are done. □ 

5.2. The first page of the equivariant spectral sequence. Let X be a connected, 
finite-type CW-complex, and fix a coefficient field k. As before, let Ux be the cup product 
map in H*{X,k), and let V"'^ be the co- multiplication map in iJ*(X, k). 

Next, let : vr — » G be an epimorphism from the fundamental group vr = 7ri(Ar, xq) to 
an abelian group G (necessarily, G must be finitely generated). Let kG be the group-ring 
of G, and let kG be the completion of this ring with respect to the filtration by powers 
of the augmentation ideal. Composing the completion map kG — ?> kG with the extension 
of to group rings yields a ring morphism, z) : kvr — )> kG. Clearly, this morphism makes 
the completion kG into a module over kvr. 
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Following the setup from [7], let 

(27) E = {E\X,kG),d^) 

be the first page of the equivariant spectral sequence of X with coefficients in kG. This is 
a chain complex of free, finitely-generated modules over the affine algebra S = grj(lkG). 
The i-th term of this chain complex is 

(28) Ei = S®tH^{X,k), 

while the i-th differential, d\: Ei Ei-i, when restricted to the generating set {1} (8) 
i/j(X, k), is the composite 

(29) d\: F,(X,k)^^-i7i(X,k)®kifi_i(X,k)^^ifi(G,k)®ki/i_i(X,k) . 

By definition, the transpose of Vf is the cup-product map U^. Thus, the transpose 
of d\ is the composite 

(30) (4)"^: H'^{G,}^)®kH^-^{X,}^)''-^^H^{X,}^)®kW~^{X,k)^^H\X,h) . 

5.3. Homology jump loci and resonance varieties. Now assume k is algebraically 
closed. By Lemma 5.1, we may identify the maximal spectrum Spec(S') with i7^(G', k), 
where recall G is the maximal torsion-free quotient of G. 

Using this identification, we may view the homology jump loci V^{E) of the chain 
complex E from (27) as subsets of the k- vector space H^(G, k). The next result compares 
these loci with the resonance varieties of X, viewed as subsets of H^{X,k) = H^(TT,k). 

Theorem 5.2. Let v. tt ^ G be an epimorphism onto an abelian group, and set v = 
4)ov:-K^G. Letw£H^{G,k). Then 

(31) weVa{E)<^u*{w)GK{X,k). 

Proof. By definition, an element a € H^{X,k) belongs to 7^^(X, k) if and only if = 
and dimkH^{H*{X,k),6{a)) > d, where recah 6' (a): W{X,k) H^+^{X,k) is left- 
multiplication by a. 

Now let w G H^{G,k). Clearly, = 0, and thus r'*{w)^ = 0. Let p: 5 ^ k be the 
k-algebra morphism defined by (j)*{w) € Spec(5). Denote by d^{w) the specialization of 
d^ at p. Using sequence (30), we find that 

(32) {dliw))'' = 6^~\i?*{w)). 
Therefore, 

w G V'aiE) ^ dimtHi{H4X,k),d\w)) > d 

^ dimt H' {H* {X, k) , (d^ (-u;) )^ ) > d 
^iy*{w) eK{X,k), 
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and this completes the proof. □ 

Remark 5.3. Noteworthy is the situation when vTab is torsion-free and v is the abehan- 
ization map, ab: vr -» vTab, in which case i?^(7fabjls) = k). Let E be the first page 

of the corresponding spectral sequence. Applying Theorem 5.2, we may then identify 

vKi?) with 7^j,(x,k). 

Remark 5.4. It would be interesting to find a similar interpretation for the homology 
jumping loci of the other pages in the equivariant spectral sequence. Such an interpreta- 
tion would likely involve the higher-order Massey products in (X, k) . 

6. Jump loci and finiteness properties 

In this section, we relate the vanishing of the resonance varieties of a space to the 
finiteness properties of its completed Alexander- type invariants. First, we need to recall 
a well-known fact from commutative algebra. For the reader's convenience, we give a 
sketch of a proof (see also [12, Proposition 9.3]). 

Lemma 6.1. Let k he an algebraically closed field, and let M be a finitely generated 
module over an affine k-algebra S. Then: 

dinife M < oo <;=^ supp M is finite. 

Proof. The module M is finite-dimensional over k if and only if M has finite length. This 
condition is equivalent to M having Krull dimension, i.e., dim(S/ ann(M)) = 0. In 
turn, this means that the support of M is 0-dimensional, i.e., suppM is finite. □ 

Now let X be a connected CW-complex with finite /c-skeleton, for some k > 1. Given 
an epimorphism v: tt ^ G from vr = ■ki{X,xq) to a (finitely generated) abelian group 
G, let (/) : G ^ G be the projection onto the maximal free-abelian quotient of G, and set 
i? = (j)o v. 

Let kG be the group-ring of G, with coefficients in an algebraically closed field k, let 
J be its augmentation ideal, and let kG be the J-adic completion of kG. As shown in 
Lemma 5.1, the associated graded ring S = grj(kG) is an affine k-algebra, whose maximal 
spectrum Spec(S') may be identified with //^(G, k). 

Theorem 6.2. Let X'^ X be the Galois cover associated to an epimorphism z/: vr ^ G, 

and let i?*(X'^,k) be the J-adic completion of the kG-module H^{X'^,k) = H^{X, (kG)jy). 
Then 

i?*{H\G,k)) n ( U 7^i(X,k)) = {0} =^ dimk HiiX^k) < oo. 

0<i<k 0<i<k 

Proof. By Proposition 4.1, we may assume X is a finite complex. We use the equivariant 
spectral sequence E'{X, kG) associated to the Galois cover X'^ — )■ X corresponding to the 
epimorphism u: tti{X) -» G, with coefficients given by the ring morphism i>: kTri{X) — >■ 
kG. 
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The first page of the spectral sequence is {E^,S), a chain complex of free, finitely 
generated 5-modules, with = S 'S>k H^:{X,k). We then have: 

u*{H\G,k)) n(^[j 7^i(X,k)) = U "^^(^^)) by Theorem 5.2 

i<k i<k 

= z?* ( U Wi{E^)^ by Theorem 2.5 

i<k 

= z^*(supp(0i7,(i5'))) 

i<k 

= ^*(supp(0i?f)). 

i<k 

Using our assumption and the injectivity of i^*, we conclude that the support of 
®i<k^i is {0}- Hence, by Lemma 6.1, the k-vector space ^^^j^Ef is finite- 

dimensional. It follows that ©j<fc Ef° is also finite-dimensional. 

On the other hand, as shown in [7, §8], the equivariant spectral sequence converges 

to H^:{X'^ and the spectral sequence filtration on the limit is separated. The desired 
conclusion readily follows. □ 

Corollary 6.3. Ifn\{X,k) C {0} forl<i <k, then dimt Hi{X^^ ,k) < oo for < i < 
k. 

In the particular case when k = 1 and k = C, this corollary was proved in [1, Theorem 
C] by different methods, specific to homological degree 1. It is also shown in [1] that the 
converse holds in this case, under an additional formality assumption. More precisely, if 
X is 1-formal in the sense of Sullivan [13], and the completion of Hi{X^^ ,C) is finite- 
dimensional, then 7^}(X, C) C {0}. 

In general, though, the converse to Corollary 6.3 does not hold. For instance, if X is the 
Heisenberg 3-dimensional nilmanifold, then the cup-product vanishes on H^{X,C) = C^, 
and so n\{X, C) = C^. On the other hand, X''^ ~ S\ and thus Hi{X^^, C) = C. 

It should also be pointed out that it is really necessary to take the completion of the 
Alexander invariant in Corollary 6.3, even when X is formal. For instance, if X is the 
presentation 2-complex for the group vr = (a, 6 | = ba'^) from [s, Example 6.4], we 
have that 7^}(X,C) = {0}, yet dime C) = oo. 

For more details on the relationship between the first resonance variety and the first 
Alexander invariant of a space, we refer to [9]. Further generalizations and applications 
will be pursued elsewhere. 
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